Abstract. There is no an accepted exact partition function (PF) for the two-dimensional (2D) Ising model with a non-zero external magnetic field to our knowledge. Here we infer an empirical PF for such an Ising model. We compare the PFs for two finite-size Ising lattices (4 × 4 and 4 × 6) from this empirical PF with those from Wei (2018) (Wei, R.Q., 2018. An exact solution to the partition function of the finite-size Ising Model, arXiv: General Physics: 1805.01366.), and find that they are consistent very well. Based on this empirical PF, we further analyze and calculate the thermodynamic functions (heat capacity, magnetization, susceptibility) of this 2D Ising model and discuss the model's singularity semiquantitatively. Results on magnetization show that the 2D Ising model has spontaneous magnetization (SM) calling the phenomenon at the critical temperature a phase transition, and the SM decreases with the increasing temperature. However, the decreasing variation of the SM here is different from that obtained by Yang (1952) from the 2D Ising model in a weak magnetic field.
Introduction
For the 2D Ising model, most studies focus on those in the absence of a non-zero external magnetic field. Among them, the famous exact PF (O 2d (0, T )) was obtained by Onsager (1944) using the transfer-matrix method, (1) log O 2d (0, T ) = log(2 cosh 2z) + 1 2π π 0 dφ log 1 2 1 + 1 − κ 2 sin 2 φ where z = βǫ, β = 1 kT , k is Boltzmann constant, T the temperature, ǫ the interaction energy (and we assume that ǫ > 0 here), and κ = 2 cosh 2z coth 2z
Other 2D lattices, eg., the triangular, honeycomb, and decorated lattices have all been considered. For example, Houtappel (1950) evaluate the exact PF on the triangular (Q triangle ) and honeycomb (Q honey ) lattices by a method quite closely related to transfermatrix, (2) log Q honey = However, there is still no an accepted exact solution for the 2D Ising model with a nonzero external magnetic field, especially the one which is both elegant and exact like Eq.
(1)-Eq. (3) . By using the Hubbard-Stratonovich transformation, Wei (2018) presented a simple but exact solution to the PF for such a finite-size 2D Ising model,
where h = µH is the Zeeman energy associated with an external magnetic field H, µ the permeability. K denotes the exchange interaction matrix,
where A is,
However, Eq. (4) looks formidable and unintuitive because it is expressed in a sum of 2 N exponential functions. It is only practicable to calculate the PF for the 2D Ising model with a small N .
In the absence of a practicable exact solution, an empirical PF, which is under some reliable constraints, is a possible way to understand the 2D Ising model with a non-zero external magnetic field. Here we infer such an empirical PF, and investigate its thermodynamic functions and discuss their singularity semiquantitatively.
An empirical PF for the 2D Ising Model
We start with rewriting the PF for the 1D Ising model in an external magnetic field h. For this model, the PF is (Kramers and Wannier, 1941),
where cosh −1 z = 1 π π 0 log(2z − 2 cos ω 1 )dω 1 and cosh −1 z ≈ log 2z (z ≥ 1) are used. Similarly,
According to Huang (1987) and Martin (1991) , the PF for 2D Ising model in the absence of an external field is,
Analogous to Eq. (5)-Eq. (7), we infer the PF for 2D Ising model with a non-zero external field is,
To test Eq. (7) and (9), we discretise the corresponding integral to a sum,
where J 1 is,
where J 2 is,
Of course, Eq. (7) or (9) can be discretised to a product, for example, . It can be seen that these two PFs are fully consistent, which show numerically that the PF (Eq. (9)) is correct. Because it is not proved rigorously but only supported by the results from two 2D lattices at present, we call it empirical PF for the 2D Ising model with a non-zero external magnetic field. It should be pointed out that there are other empirical PFs for this Ising model.
3. Thermodynamic functions from the empirical PF 3.1. Specific heat and the critical temperature. With Eq. (9), we can discuss the thermodynamic functions of the 2D Ising model with a non-zero external magnetic field in two ways. One way is analogous to Mccoy and Wu (1973) , or Huang (1987) , in which we rewrite Eq. (9) as,
1 N log Q(h, T ) = log exp(2z) cosh βh + exp(4z)sinh 2 βh + exp(−4z)
where κ is,
Hence the Helmholtz free energy per spin a I (h, T ):
From Eq. (14), one can obtain the internal energy, heat capacity, magnetization, susceptibility of the 2D Ising model with a non-zero external magnetic field. The approach is similar to that in Mccoy and Wu (1973) or Huang (1987) , but the result is more complicated. It should be pointed out that the internal energy is continuous at the critical temperature in this case.
The other way is using lattice Green function (LGF) of the 2D lattice. For convenience, we rewrite Eq. (9) 
where K(·) the complete elliptic integral of the first kind.
Eq. (16) can be analyzed qualitatively and simply to avoid the discussing the complete elliptic integral of the first kind K(·). For this purpose, we adopt the analytic continuation formula for this equation in the immediate neighbourhood of the point 2/f = 1 by Joyce (2003), which reads,
n where C n , D n are constants satisfy some recurrence relations.
If we let
Thus the specific heat C(H, T ) is,
where " ′ " means the derivative to β.
As has been pointed out that the internal energy is continuous at critical temperature, 
Eq. (21) holds when h → 0, and
kT ) 0, especially for T > T c , K is finite, and
For the case of T = T c , additional discussion is required because K(2/f )| T =Tc has a singularity.
Eq. (22)- (23) show that the 2D Ising model has spontaneous magnetization (SM). This implies that a phase transition occurs at T = T c , but the SM from the empirical PF here is different from Eq. (24) derived by Yang (1952) from the 2D Ising model in a weak magnetic field. We will see this clearly from the corresponding Fig. 6 in the next subsection.
Furthermore, one can discuss and analyze the susceptibility, but the corresponding result is complicated which is related to the derivative of the complete elliptic integral of the first kind. We can take a peek at it from the calculations (Fig. 5) below. 3.3. Calculation of the thermodynamic functions. The heat capacity, magnetization, susceptibility above can be shown intuitively in Fig. 3-5 through the numerical calculation. It can be seen that specific heat approaches infinity at a certain temperature. The magnetization is discontinuous at h = 0 when T < T c . On the contrary, the magnetization is continuous at h = 0 when T > T c . Similar properties can also be seen for the susceptibility in Fig. 5 . 6 shows the variation curve of the SM from the empirical PF with the temperature. It can be seen that this variation is different from that in Yang (1952) . The curve reflects the general trend that the SM decreases with the increasing temperature. However, the normalized SM here taper towards 0 at the high temperature end, while at the low temperature end, it gradually approaches 1. This means that there is room for further improvement in our empirical PF.
On the other hand, the SM vs. temperature from the empirical PF is similar to those from the numerical simulation, for example, Steinberg et al.(2013) , Secular (2015) .
It should be pointed out that here Eq. (20) instead of Eq. (22) is used for the sake of numerical calculation, in which we let h = 1.0 × 10 −30 eV corresponding a zero magnetic field.
3.4. Future work. As can be seen from the above, we can improve the empirical PF here. A possible way is that we can modify the empirical PF based on the comparison with more exact results from the finite-size 2D Ising model. For example, such an exact PF can be from Wei (2018) with the improvement of computing power in the future. Especially, the SM from the improved empirical PF should be consistent with that of Yang (1952).
Conclusions
It is still a challenge to obtain a practicable and exact PF for the 2D Ising model in an external magnetic field, especially using the transfer-matrix method.
Through the analysing of the PF for the 1D Ising model, and that for the 2D model with a zero external magnetic field, we infer an empirical PF for the 2D Ising model in an external magnetic field. The empirical PFs on two 2D Ising lattices are consistent well numerically with the results from Wei (2018) . With this empirical PF, we found that: (1) the specific heat approaches infinity at a critical temperature logarithmically; (2) Both the magnetization and susceptibility show different behaviors when the temperature is above or below the critical temperature; (3) The 2D Ising model has the SM which decreases with the increasing temperature, implying that a phenomenon of the phase transition occurs at the critical temperature.
Our study shows that a reasonable empirical PF is also helpful for understanding the properties of the 2D Ising model with a non-zero magnetic field, although it has no rigorous derivation. With the improvement of the empirical PF, we can under the 2D Ising model better and better.
